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Abstract 

In the framework of the httle higgs scenario, couphng constants of several 
interactions are related to each other to guarantee the stability of the higgs 
boson mass at one-loop level. This relation is called the little higgs mechanism. 
We discuss how accurately the relation can be tested at future e~^e~ colliders, 
with especially focusing on the top sector of the scenario using a method of 
effective lagrangian. In order to test the mechanism at the top sector, it is 
important to measure the Yukawa coupling of the top partner. We consider 
higgs associated production and threshold production of the top partner, and 
find that the mechanism can be tested precisely using the associate production 
when the center of mass energy is large enough. The threshold production also 
allows us to test it even if the center mass energy is not so large. 



1 Introduction 



It is well known that the standard model (SM) has a serious problem called the little 
hierarchy problem pLj, which is essentially from quadratically divergent corrections 
to the higgs mass term. The little higgs scenario [_2j has been proposed to solve 
the problem. In the scenario, the higgs boson is regarded as a pseudo Nambu- 
Goldstone boson associated with a spontaneous breaking of a global symmetry at 
the energy scale of (9(10) TeV. Explicit breaking terms of the symmetry are also 
specially arranged to cancel the quadratically divergent corrections at one-loop level. 
The mechanism of this cancellation is sometimes called the little higgs mechanism, 
which is commonly equipped in all models of the little higgs scenario. 

The little higgs mechanism predicts the existence of new particles at the scale 
of 0{1) TeV, which are called little higgs partners. The mechanism also predicts 
some relations between coupling constants of SM interactions and those of the new 
particles. Among the partners, the top partner is the most important one, because 
it is responsible for the cancelation of the largest quadratically divergent correction 
to the higgs mass term. The top partner has a color charge and could be produced 
in near future p] at the large hadron collider (LHC) [1]. The discovery of the top 
partner, however, does not mean the confirmation of the little higgs scenario, because 
new particles which are similar to the top partner are also predicted in various new 
physics extensions of the SM. In order to test the little higgs scenario, we have to 
verify the relation between interactions predicted by the little higgs mechanism. 

This verification requires us to measure the Yukawa coupling of the top part- 
ner. Future linear colliders such as the international linear collider (ILC) [5] and the 
compact linear collider (CLIC) [6j give a good opportunity for coupling measure- 
ments [7]. Following four processes are considered in this article; higgs associated 
productions (e+e~ — )■ TTh, tTh + Tih) and threshold productions {e^e~ — TT, 
Tt + tT), where t, T, and h are top quark, top partner, and higgs boson, respec- 
tively. We found that the coupling can be measured precisely using the associate 
production e~^e~ — ?■ TTh when the center of mass energy is large enough. The 
threshold production e+e^ — TT also allows us to measure it with the same preci- 
sion. Interestingly, with smaller center of mass energy, it is even possible to measure 
the coupling using the threshold production e+e~ iT + Tt. 

This article is organized as follows. In the next section, we introduce the effective 
lagrangian to describe the top sector of the little higgs scenario. The little higgs 
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mechanism is quantitatively described using the lagrangian. In sections [3] and HI 
higgs associated and threshold productions of the top partner are discussed with 
particularly focusing on how the cross sections of these processes are sensitive to the 
Yukawa coupling of the top partner. In section [5l we consider how accurately the 
Yukawa coupling can be measured using the processes discussed in previous sections, 
and discuss the capability of future linear colliders to test the little higgs mechanism. 
Section [6] is devoted to summary of our discussions. 

2 Top sector of the little higgs scenario 

The method using an effective lagrangian is adopted to investigate the top sector of 
the little higgs scenario. In the following, we introduce the lagrangian and discuss 
what kinds of interactions are predicted from it. We finally mention our strategy to 
test the little higgs mechanism at future linear colliders such as the ILC. 

2.1 Effective lagrangian 

In the little higgs scenario, the vector-like quark called the top partner is necessar- 
ily introduced, which is responsible for the cancellation of quadratically divergent 
corrections to higgs mass term from the top quark [2]. Interactions between higgs 
boson, top quark, and top partner are described by the effective lagrangianj^ 

-{\/mu)ULU^R\H\^ - iX'/mu)ULUR\Hf + h.c, (1) 

where Q^l = (msl, &3l)^ and usr are third generation left- and right-handed quarks, 
while Ul and Ur are left- and right-handed top partners. Higgs boson is denoted 
by H'^, where the superscript 'c' denotes charge conjugation. Quantum numbers of 
these fields are shown in Table [H Here, we postulate that top partners couple only 
to third generation quarks to avoid flavor changing processes. Model parameters 
^u, ys, yu and A are taken to be real by appropriate redefinitions of the fields. On 
the other hand, the parameter A' can be complex in general. We take, however, this 
parameter to also be real because of the little higgs mechanism discussed below. 

""^For simplicity, we have omitted to write gauge interactions of third generation quarks and top 
partners in the effective lagrangian. See appendix |X] for the derivation of the lagrangian. 
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QsL U3R Ul Ur H 


SU(3), 
SU(2)i 
U(l)y 


3 3 3 3 1 
2 1112 

1/6 2/3 2/3 2/3 1/2 



Table 1: Quantum numbers of Qsl, u^r, Ul, Ur and H. 

The little higgs mechanism at the top sector can be quantitatively defended by 
using the effective lagrangian in eq.(Il]). Since quadratically divergent corrections to 
the higgs mass term should be cancelled with each other at 1-loop level, the following 
relation between the couphng constants (?/3, yu, and A') is required, 

-2X' = yl + yl (2) 

which is nothing but the little higgs mechanism at the top sector. It is thus very 
important to confirm the relation experimentally. The purpose of this article is to 
clarify what kind of observation is the most efficient for this confirmation. 

Once H acquires the vacuum expectation value {H'') = {v/\/2,0) with being 
V ^ 246 GeV, the electroweak symmetry (811(2)^ x U(l)y) is broken, and third 
generation quarks are mixed with top partners. Mass matrix of these particles is 

(- -) [c 3 te) - -) (: :) fe) ■ 

where A, B, C, and D are defined hj A = ?/3i;/v^, B = yuv/V2, C = \v'^/{2mu), 
and D = mu + X'v"^ /{2mu), respectively. We call a Dirac fermion t composed of 
tL and tR the top quark in following discussions. We also call T the top partner 
which is defined by Tl and Tr in the same manner as t. Mixing angles for left- and 
right-handed quarks to diagonarize the mass matrix are then defined by 

tiA _ /cos6'l -sin6'L\ A3L^ (^^\ - (^^^^^ -smeR\ /m3r\ , , 

Tl) ~ [smOL cosOl J \Ul J ' \TrJ ~ [sineR cosOr )\UrJ' 

Using model parameters {mu, y^, y^, A, A'), which are defining the effective la- 
grangian, mass eigenvalues (m^, mx) and mixing angles (tan6'i, tan^/j) are 

nit = V(A2 + 52 + C2 + Z}2 _ A)/2 ~ y3v/V2, (5) 

rriT = V(A2 + B^ + C^ + D^ + A)/2 ~ mu, (6) 

tan^L = {A + A^ + B'^-C'^-D^)/{2AC + 2BD)^yuv/{V2mu), (7) 

tan^^ = {A + - B"^ + - D'^)/{2AB + 2CD) ^{y^yu + X)vy{2ml),{8) 
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where A in above expressions is defined by A = {{A^ + 5^ + + -D^)^ — 4{AD — 
^(7)2ji/2^ Last term in each expression is the leading approximation of 0{v/mu). 



2.2 Interactions 

Here, we discuss interactions predicted by the effective lagrangian in eq.(Il]) (and 
eq.f l23p ). Though the effective lagrangian in eq.([T]) is originally defined by the model 
parameters {mu, ys, yu, A, A'), we use following five parameters {rrit, rriT, sinOi, A, 
A') as fundamental ones defining the lagrangian in following discussions. Parameters 
{mjj, ?/3, yu, tan6'/j) are therefore given as functions of the fundamental parameters 
{nit, niT, sinOi, A, A'), which are obtained numerically by solving eqs.dS])-®- Gauge 
and Yukawa interactions including t, T and b (bottom quark) are then given by 

Ant = -gsi0t-gsf0T-'^Ut-'^T4T~^^{T^PLt + h.c.) 

S 3 2cw 



C\y \ 3 2 J C]y y 3 2 
^'''':{WPLt + h.c.) - ^{WPlT + h.c. 



-yttth - yrfTh - {f[yLPL + yRPR]th + h.c), (9) 

where = C^iX" /2)j'', ]^ = W^7^, ^ = ^^7^^, and 4 = A^^f" are gluon, W 
boson, Z boson, and photon fields with A*^ and 7^ being Gell-Mann and gamma 
matrices, while h denotes higgs field. Coupling constants associated with SU(3)c, 
311(2)2,, and U(1)em gauge interactions are denoted by gg, g, and e = gsw with 
being sw{cw) = sin 6'vy(cos 6'vi/), where 9w is the Weinberg angle. We have also used 
the notation, sl{cl) = sin 6'^, (cos 6'^,). Coupling constants associated with Yukawa 
interactions {yt, yr, yL, yR) have complicated forms, and these are given by 

yt = ^{cRys- SRyu) - — {crX - srX') c:^—, (10) 
a/2 mu V 

Vt = -^{cRyu + srVs) ^ (cijA+SijA)~ — H c^A , (11) 

a/2 mu V rriT 

yi = ^{cRyu + srv^) - — {crX' + srX) (12) 
V2 mu V 

Vr = -7={cRy3- srVu) ^ (cijA-SijA)~ \ , (13) 

a/2 mu V mT 

where it should be emphasized again that the parameters {cr, sr, ys, yu, mu) are 
obtained as functions of the fundamental parameters [mt, m^, sin6'2,. A, A'). It can 
be seen in eq.([9]) that weak gauge interactions of the top partner are governed by 
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the mixing angle sl, because these interactions are originally from those of S\J{2)l 
doublet field Q^l through the mixing between Q-^^ and Ul. On the other hand, 
Yukawa interactions depend not only on sl but also on other parameters. 

The little higgs mechanism at the top sector is quantitatively described by the 
relation between coupling constants y^, yu, and A', as shown in eq.([2]). It can be seen 
in eqs.([5])-([HD that first two parameters y^ and yu are almost determined by masses of 
top quark and top partner {rrit and itlt), and the mixing angle sl- These parameters 
are not difficult to be measured precisely when the top partner is discovered. On 
the other hand, in order to determine the last parameter A', we have to measure the 
Yukawa coupling of the top partner yx, as can be seen in eqs. (fTUl) - ([T51) . 

2.3 Representative point 

We first postulate that several physical quantities [rriT, sl, and branching fractions of 
the T decay) have already been measured precisely. This is actually possible because 
rriT and the branching fractions can be measured accurately by observing the pair 
production of top partners, while sl can be determined by the single production of 
the top partner [3] . As a representative point of these observables, we take 

rriT = 400GeV, sin Ol = 0.2, Br(T ^ th)/Bi{T bW) = 0.98, (14) 

where the value of third observable, namely, the ratio of branching fractions, corre- 
sponds to the one which is obtained by assuming A = with keeping the relation in 
eq.([2]). Higgs mass is fixed to be nih = 120 GeV. It is worth notifying that the point 
satisfies all phenomenological constraints and is also attractive from the viewpoint 
of naturalness on the little hierarchy problem. For more details, see appendix [Bl 

Since the mass of top quark rrit has already been measured precisely [8] , there are 
four free parameters in the effective lagrangian of eq.([T]). It is therefore possible to 
test the little higgs mechanism by measuring one more observable. This observable 
should be sensitive to A', as pointed out in previous subsection. Since gauge interac- 
tions of the top partner depend only on sl, we should focus on Yukawa interactions. 
In Fig. dl we have shown coupling constants of Yukawa interactions {yt, yr, yi, Vr) 
as functions of A' in unit of A^^ = — (yf + yij)/2, so that A' = A^,, corresponds to the 
prediction of the mechanism. Other model parameters are fixed to be those satisfy- 
ing the conditions in eq. fll4l) . It can be seen that the Yukawa coupling between top 
partners yx is the most sensitive against the change of A' as expected. As a result, 
we should focus on physical quantities involving this Yukawa coupling. 
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Figure 1: Yukawa couplings {yt, yr-, Ul, Vr) as a function of A' (in unit of A^,.). 

3 Associate Productions 

It can be easily imagined that top partner productions associated with a higgs boson 
enable us to explore the little higgs mechanism. It is actually possible to measure 
the Yukawa coupling between top partners {ht) simply by measuring cross sections 
of the processes with an appropriate center of mass energy. There are two higgs 
associated processes. One is the higgs production associating with a top quark and 
a top partner production (e^e^ — )■ tTh & Tih), and another is the process associating 
with two top partners (e^e^ — )■ TTh). At the former process, the center of mass 
energy y/s > mt + ttit + rrih is, at least, required, which corresponds to about 700 
GeV in our representative point. On the other hand, at the latter process, the center 
of mass energy should be higher than y/s > 2mx + m^, which corresponds to 920 
GeV in the representative point. In this section, we consider how the cross sections 
of these processes are sensitive against the change of the parameter A', and discuss 
which process is suitable for the confirmation of the little higgs mechanism. 



We first consider the higgs production process associating with a top quark and a 
top partner. The sum of the cross sections, a{e^e~ — )■ tTh) + a{e^e~ — )■ Tth), are 
shown in Figj2] (upper part of the left panel) as a function of center of mass energy 
with several choices of A'. Other model parameters to depict the figure are fixed 
according to the representative point in eq. (ll4l) . In order to see the sensitivity of the 
cross section against the change of A', we also plot the deviation of the cross section 



3.1 The e+e" tTh + Tth process 
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Figure 2: Cross sections for liiggs associated productions e^e — )• tTh + Tth and e^e 
TTh as a function of center of mass energy. Results for several values of A' are shown. 



from the one predicted by the httle higgs mechanism, namely, da /a = [o'(A') — 
'^iKr)]/'^{Kr) (lower part of the left panel). It can be seen from the figure that the 
deviation becomes almost zero when the center of mass energy exceeds 800 GeV. 
This is because, with a center of mass energy higher than this value, two on-shell 
top partners can be produced, whose production cross section and branching ratio 
T ^ th are independent of the parameter A', and this process dominates the associate 
production. On the other hand, the center of mass energy below 800 GeV, we can 
expect about 10% deviation. The cross section is, however, quite small below 800 
GeV, which is about 0.1 fb. After all, the measurement of the Yukawa coupling A' 
turns out to be difficult in this associate production. 

3.2 The e+e" TTh process 

Next, we consider the higgs production process associating with two top partners. 
As in the case of previous associate production, we show its production cross section 
a{e'^e~ — )■ TTh) in Figl2] as a function of center of mass energy with various A' 
(upper part of the right panel). The deviation of the cross section from the little 
higgs prediction is also shown (lower part of the right panel). It can be seen from 
the figure that the cross section depends strongly on the value of A', which enable 
us to explore the little higgs mechanism accurately using this association process. 
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though the production cross section itself is not so large. 



4 Threshold productions 

We next consider top partner productions, e+e^ — > TT and e~^e~ tT + Tt, at 
the region of their threshold energies. Since the cross sections of these processes are 
significantly affected by the exchange of virtual higgs bosons due to the threshold 
singularity 0, the Yukawa coupling i/t is expected to be measured precisely. In this 
section, we consider how the cross sections are sensitive to the parameter A'. 



4.1 Cross section formula 



The cross section of top quark pair production at the e~^e~ collider {e~^e~ — )■ ti) 
is known to have threshold singularities due to exchanges of soft gluons and higgs 
bosons between top quarks [9]. Productions of top partner are, in the same man- 
ner, expected to have the same singularities, which are quantitatively obtained by 
using a method of non-relativistic field theory [lOj. Derivations of non-relativistic 
lagrangians for top partner productions and resultant cross section formulae are dis- 
cussed in appendix O For the case of top partner pair production (e+e~ — )■ TT), 
the cross section at their threshold energy a/s ~ 2mT is obtained to be 



(JtT 



IQQ^tQI , l2QTQeVTVe QvUv^ + al 



s[s — rrir 



is - mz 



Im [GTT(yi-2mr;0,0)] , (15) 



where Qt = 2e/3, vt = (^/ch')(-2s^/3 + 4/4), = -e, = (^/ch/)(-1/4 + s^), 
and ttg = g/{Acw)- The mass of Z boson is denoted by m^. The green function 
Gtt{E] r? r') in above formula satisfies the following Schrodinger equation. 



h — I — 
2 



5H 



(16) 



with appropriate boundary conditions [9]. Here, Tt is the total decay width of the 
top partner. All information of soft gluon and higgs exchanges between top partners 
are involved in the potential term VTT(r), which is explicitly given by 



VTT(r) = -TT 



+ axe 



-mh\r\ 



(17) 



where = g1/ (47r) and aT = y\l (4vr) . In addition to QCD and Yukawa interactions, 
the electroweak interaction (the exchange of Z bosons between top partners) also 
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contributes to the potential. This effect is however neghgible and not included in 
our calculations. One of the purposes of this article is to clarify the effectiveness 
of threshold productions to measure the Yukawa coupling we only consider the 
potential at the leading order calculation. In order to compare theoretical predictions 
with experimental results very precisely, we should include higher order contributions 
especially from QCD interactions ^U\. Since those calculations are beyond the scope 
of this article and our conclusion is expected not to be altered even if we include 
those effects, we omit the higher order contributions in our calculation. 

On the other hand, for the case of top quark and top partner production, the 
cross section at the threshold energy region (i/i ~ mt + my) turns out to be 

atT = l^j'T(^' + ^') ini [G,t{V^s - - m^, 0, 0)] , (18) 

where Vtr = QClSlI {'^sw)- The green function GtT{E;r,r') satisfies the equation, 

GtTiE,r,r') = 5%r-r'), (19) 



VI _ „ r 



+ VtT(r)-E-t'-^ 



where ^tT is the inertial mass of top quark and top partner, ^tT = mtrriT/ {mt + rriT), 
while TfT is the averaged decay width of these particles, Ttx = (Xt + '^t)/'^ with Tt 
being the total decay width of the top quark. The potential Vtrir) is given by 

VMr) = - 1^ + ^^-'""") ■ (20) 

Finally, we would like to add a comment on the scale of the strong coupling 
which appears in the potential terms Vtt(i") and Vtt{t^)- The scale (fi) is taken to 
be the solution of the following self-consistency equation of the coupling, 

= f X 1 X ai™") (/i) , (21) 

where ai^^'^\x) is the running coupling of the strong interaction at the scale x, and 
m is the inertial mass of a two-body system, namely, m = 777,^/2 for top partner 
pair production and m = mtrriT/ifnt + m^-) for the production of top quark and top 
partner. This prescription is known to make higher order QCD corrections to the 
Coulomb potential small at the Bohr radius [TT] . 

4.2 The e+e" TT process 

We first consider the threshold production of top partner pair. The resultant cross 
section, which is obtained using the formula in eq. (fT5l) . is shown in the left panel of 
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Figure 3: Cross sections for threshold productions e^e — )• TT and e^e — )• tT + Tt as a 
function of center of mass energy. Results for several values of A' are shown. 



Fig. [3] with several choices of A'. In addition to the cross section, we also plot the 
deviation of the cross section from the prediction of the little higgs mechanism, bo jo ^ 
as in the case of higgs associated productions in previous section. It can be seen that 
the deviation becomes maximum at the peak of the cross section, which corresponds 
to the first bound state composed of top partners. Since the cross section is huge 
at the peak, which is about 250 fb~^, the Yukawa coupling y-r is expected to be 
measured precisely. It should be noticed that the potential Vtt^^ in eg- (1171) does 
not depend on the sign of ?/t, so that there is two-fold ambiguity in the determination 
of ?/T, as can be seen in the figure. This ambiguity is easily resolved by investigating 
other production channels such as higgs associated productions. 

4.3 The e+e" -^tf + Ti process 

We next consider the threshold production of a top quark and a top partner. Resul- 
tant cross section and its deviation from the little higgs prediction are plotted in the 
right panel of Fig. |3l As in the case of top partner pair production, the deviation 
is again maximized at the peak corresponding to the first bound state composed of 
top quark and top partner. Though the cross section is lower than that of the top 
partner pair production, which is of the order of 10 fb~^, it is still possible to measure 
A' precisely if the integrated luminosity is large enough. One of the advantages for 
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the use of the process to test the httle higgs mechanism is that the measurement of 
A' is possible even if the center of mass energy at the colhsion is not so large. 



5 Testing the little higgs mechanism 

We are now in position to discuss the capability of future linear colliders to test 
the little higgs mechanism. Testing the mechanism is, as already emphasized in 
section 121 equivalent to the measurement of the coupling constant A'. In this section, 
we therefore discuss how accurately the constant A' can be measured at collider 
experiments with the use of the processes discussed in previous sections. 

5.1 The function 

We focus on higgs associated production (e+e~ — t- TTh) and threshold productions 
(e+e~ — > TT and e~^e~ tT + Tt), because the cross sections of these processes 
are very sensitive to the coupling constant A'. In order to maximize the capability 
of collider experiments for the measurement of A', we set the center of mass energy 
to be 1000 GeV, 794 GeV and 568.4 GeV for TTh, TT and tf + Tt productions, 
respectively. On the other hand, the integrated luminosity is fixed to be C^s = 500 
fb~^ in each process, where Ces is the effective luminosity defined by C^s = S x C 
with S and C being the efficiency factor and the original integrated luminosity. 

The efficiency factor depends on the acceptance of collider detectors and kine- 
matical cuts used to reduce backgrounds from SM processes, which is determined 
precisely when experiments start. Main backgrounds against the signal processes are 
from SM processes of top quark production. Since cross sections of the SM processes 
are not too large compared to those of signal processes, background reductions are 
expected to be performed efficiently by imposing appropriate kinematical cuts. The 
efficiency factor from background reductions can be estimated using Monte-Carlo 
simulations. In our calculation, however, we take the efficiency factor so that the 
effective luminosity becomes 500 fb~^ with simply assuming efficient background 
reductions. We remain the detailed calculation of the factor as a future problem. 

With the use of the effective luminosity C^s, the function, which quantifies 
how accurately the A' measurement can be performed, is defined by 




jCcs X 
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Figure 4: The distributions for e+e" TTh, TT, and tT + Tt processes. 



where N{X') = Ces(y{X') is the number of the signal event with fixed A', which will 
be obtained at collider experiments after imposing kinematical cuts and considering 
detector acceptances. Here, the value of A' predicted by the little higgs mechanism 
is denoted by A^^ = —{yl + yij)/2. Other parameters to calculate the cross section 
a is fixed according to a representative point mentioned in section [2l 

5.2 Results 

Resultant distributions for the higgs associated production {TTh) and threshold 
productions (TT and tT + Tt) are shown in Fig. |U where the center of mass energy is 
fixed to be 1000 GeV, 794 GeV and 568.4 GeV, respectively. It can be seen that the 
coupling constant A' can be measured with 8% accuracy using the higgs associated 
production. If the center of mass energy is possible to be increased to 1350 GeV, 
the coupling A' can be measured with 4% accuracy using the same process. 

On the other hand, it can be seen that the coupling constant A' can be measured 
with 4% accuracy using the threshold production of top partner pair production. In 
this case, the center of mass energy required for the measurement is smaller than 
that of the higgs associated production. Furthermore, using the threshold production 
of top quark and top partner, the coupling constant A' can be measured with 20% 
accuracy even if the center of mass energy is around 500 GeV. 
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Dim. 


Operators 


3 


UlUr 


UlUsr 






4 


UlJJ)Ul 


UrU)Ur 






5 






Ulct^^'usrB^, 






ULUm\H\'' 









Table 2: Lorentz and gauge invariant operators including Ul and Ur. 



6 Summary 

We have studied the capabihty of future colhder experiments to test the httle higgs 
mechanism. The mechanism predicts a certain relation between coupling constants 
in the top sector of the little higgs scenario. The test of the mechanism is essentially 
equivalent to the measurement of the Yukawa coupling of the top partner, namely the 
coupling constant A'. It is therefore very important to investigate how accurately A' 
can be measured at the experiments. With the use of an appropriate representative 
point, we found that the coupling constant can be measured with a few percent 
accuracy using the higgs associated productions (e+e^ — ?■ TTh) and the threshold 
production (e"^e~ — )■ TT), when the center of mass energy is 0{1) TeV. On the 
other hand, using the threshold production {Ti + tT), the measurement of A' is still 
possible with a few ten percent accuracy even if the center of mass energy is around 
500 GeV. When the top partner is discovered at the LHC experiment, the processes 
emphasized in this article will be important to confirm whether the top partner is 
really the one predicted by the little higgs scenario or not. 
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A Effective lagrangian 

We first consider operators which are invariant under Lorentz and gauge symmetries 
of the SM. The operators including top partners U l and Ur are shown in Table [2] up 
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to dimension five, where ij) = D^j^ with being the covariant derivative, 6*^^(5^;^) 
is the field strength tensor of gluon (hyper-charge gouge boson), a^,, = z[7^,7j^]/2, 
and A"^ is Gell-Mann matrix. Hermitian conjugates of the operators are not shown. 
Since the quantum number of u^r is exactly the same as that of Uji, the bilin- 
ear operator Ulu^r can be eliminated by an appropriate redefinition of f//j. Di- 
mension five operators UL{H'^y IpQ^L and QslH'^IPUl are also eliminated by using 
the equations of motion. On the other hand, dipole-type operators Ulct^'^usrB^^, 
UL(j'"'i\''/2)u3nG%, Ulct'^'UrB^^ and UL(r^''' {X" /2)UrGI^ do not contain higgs bo- 
son, so that they are suppressed by the cutoff scale A 10 TeV. Furthermore, they 
are expected to appear radiatively from UV-completion theory of the little higgs sce- 
nario, and coefficients in front of the operators will be suppressed by 1-loop factor. 
The dipole-type operators are therefore negligible compared to other dimension five 
operators. The effective lagrangian including top partners is therefore given by 



C = CsM + ULiIpUL + URiIpUR-{muULUR + h.c.) 

- yuQsLH'^UR - {X'/mu)ULUR\H\^ - {\/mu)ULU^R\H\^ + h.c, (23) 



where £sm is the SM lagrangian. Parameters mu, yu, A, and (top yukawa in £sm) 
are taken to be real by appropriate redefinitions of Q3L, u^l, Ul, and Ur. 

Using the effective lagrangian C, quadratically divergent corrections to the higgs 
mass term from the top sector of the little higgs scenario turn out to be 



Since the corrections should be vanished at 1-loop level because of the little higgs 
mechanism, we have a special relation among the parameters, — 2A' = ?/| + ylj- 

B Representative point 

The representative point used in our analysis has been chosen so that it is consistent 
with current experimental data and also attractive from the viewpoint of the nat- 
uralness to keep the higgs mass {rrih) at the electroweak scale. The most stringent 
constraints on the parameter sin comes from the electroweak precession tests. 
Contributions to 5*, T, and U parameters p2] from the top partner have already 
been calculated in Ref. [13]. On the other hand, hadron collider experiments give 
the lower bound on the mass of top partner (mr). Currently, the CDF collaboration 




(24) 
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Figure 5: Constraints on the model parameters and the representative point. 



at the Tevatron experiment gives the stringent bound on ttit thorough the semi- 
leptonic mode of the process, pp — > TT — )• bbWW [H]. The upper bound on 
is obtained from the viewpoint of the naturalness. Though quadratically divergent 
corrections to rrih are cancelled at 1-loop level, logarithmic corrections still remain 
at this level. Too large contributions therefore cause a fine-tuning to keep rrih at the 
electroweak scale pL5J. Logarithmic contributions from the top sector are given by 

with imposing the relation in eq.([2]). Here, A ~ 10 TeV is the cutoff scale of the little 
higgs scenario. The level of the fine-tuning is parameterized by F = m^/(25/i^). 

These constraints on the (my, sin ^^L)-plane are summarized in Fig. [5l where A' 
is set so that it satisfies the little higgs relation in eq.(j2]). The representative point 
is denoted by the cross. It can be seen that the point satisfies the experimental 
constraints and the level of fine-tuning is less than 10% [F < 0.1). 



C Non-relativistic lagrangian 

Derivation of the non-relativistic lagrangian for threshold productions is considered 
in this appendix. For concrete discussion, we consider the process of top partner 
pair production at the threshold energy y/s ~ 2mT. With the use of the effective 
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lagrangian in eq.( l23l) . interactions relevant to the threshold production are 



T{i$ - mT)T - -h{d' + mi)h + -C^d'G^" + -A^d'A^ 
+ei$e - yxTTh - g^f^T - QtT^T - vtT^T 

+ ^Z^ [g^%d^ + ml) - d^d"] - QMe - e${v, + a,^'>)e, (26) 

where e is the electron field. Unitarity (Feynman) gauge is adopted for Z boson 
(photon and gluon). After integrating higgs and gluon fields out from the lagrangian 
and expanding the top partner field T in terms of its velocity (non-relativistic ex- 
pansion), namely, T ~ (e~™^*r7 + ie*'"^*V ■ (Tx/2mr, e*™^*x ~ ie~'""^*V ■ aT]/2mT)'^, 
the effective action for non-relativistic fields r] and x is obtained as 



S, 



eff 



d X 



V I + \- « 



2mi 



2mT 



d'x A 5(a;° - y°) ^^^^g [v\x)a\{y)] [xHyV^ix)] 
+ j d^x [QTA\e^''^^r]^a'x + h.c.) + VTZ'{e^''^^7]^(r'x + h.c. 
+ J d^x \ei$e — Q^e^e — e${V(, + ae7^)e] , 



(27) 



where the superscript 'i' runs from one to three, a* is the Pauli matrix, and Tt is 
the total decay width of the top partner. The potential Vtt{'^) has already been 
defined in eq. fll7p . In addition to the terms in above action (I27|) . we also have 
another potential terms such as the one composing spin-zero state (oc [^\x)x{yy\) 
and those composing color octet states (oc [rj^ {x)\°'a^x{.y)] & W {.x)'^"'x{y)]) ^ where 
A" is the Gell-Mann matrix. Since these states are never produced at high energy 
collisions, we have dropped these terms from the effective action. In order to 
calculate the cross section at the threshold energy, it is convenient to introduce the 
auxiliary fields al and o"^^ by inserting following identities into the action, 

r/t(x,t)a^x(y,i) 



1 = / Va'Vs'^ exp 
1 = / Va'^Vs' exp 



d^x d-'y dt (Tl{x,y) < s*T(y,x 



- / d-'x d'y dt a*^(x,y) I sj(y,x 



X^(y,t)a^?7(x,t) 



(2^ 



Here, we integrate all fields out except the auxiliary fields {al and a]^) from the 
effective action in eq. (!27|) , and canonically normalize a] and a^^ as 

1 



TT[r 



ai(x,y) + 2y3e2^"^-*5(x - y) {vtZ\x) + QtA\x)} , (29) 
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where variables r, R and are defined by r = x — y and R = (x + y)/2 and 
= t, respectively. We then obtain the non-relativistic lagrangian directly used to 
calculate the cross section for the threshold production of the top partner pair, 



(TT) 
NR 



r,R) 



id 



V2 



+ 



Vtt{^) + 



(TR 



V6( 



;0, R) {vtZ\R) + QtA\R)] + h.c. 



+ j df'x \ei$e — QeCv^e — e${ve + ae7^)e] . 



(30) 



The fields 0^^" 0tt describing the annihilation and creation of top partner 
pair, respectively. It can be seen that the effect of the threshold singularity is involved 
in the first term of the action with the form of the Schrodinger equation. The 
non-relativistic action for the case of top quark and top partner production can be 
obtained in the same procedure of top partner pair production. 

Cross section formulae for threshold productions are obtained by using the optical 
theorem, which is related to the calculation of the forward scattering amplitude. The 
cross section of the top partner pair production is, for instance, given by 



aTT = -Im [M{e+e- ^ TT e+e")] 



(31) 



Amplitude M. is calculated using above non-relativistic action, and eventually ob- 
tain the cross section formula in eq.( |T5l) . It is worth notifying that the solution of 
Schrodinger equation in eq. ffTBl) is required to calculate quantitatively, as already 
mentioned in section |H Here, the green function Gtt{E\v,v') in this equation is 
nothing but the Fourier transform of the following two-point function. 



Gtt(^, r,r') 



d^R{Q\T (f)irT{r,R)^^^{r',R') 



|0)e 



iE{R-R') 



(32) 



where (0|T[- ■ ■]\0) is the vacuum expectation value of the time-ordered product. 
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